Quantum Computation- Quantum
Algorithms-The Quantum Fourier Transform

One of the most useful ways of solving a problem in
mathematics or computer science is to transform it

into some other problem for which a solution is known.

One such transformation is the discrete Fourier
transform. The discrete Fourier transform takes as
input a vector of complex numbers, x,, . . ., Xy_; Where
the length N of the vector is a fixed parameter. It
outputs the transformed data, a vector of complex
numbersy,, ..., Yy-1, defined by
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Quantum Computation- Quantum
Algorithms-The Quantum Fourier Transform

The quantum Fourier transform on an
orthonormal basis |0>, ..., |N - 1> is defined

to be a linear operator with the following
action on the basis states,
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Where the amplitudes y, are the discrete
Fourier transform of the amplitudes x;.
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Quantum Computation- Quantum
Algorithms-The Quantum Fourier Transform

* |tis not obvious from the definition, but this
transformation is a unitary transformation,
and thus can be implemented as the dynamics
for a qguantum computer.

* Exercise: Give a direct proof that the linear
transformation defined previously is unitary.
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Quantum Computation- Quantum
Algorithms-The Quantum Fourier Transform

* |In the following, we take N = 2", where n is
some integer, and the basis |0>, ..., [2"-1>is
the computational basis for an n-qubit
guantum computer.

* |tis helpful to write the state |j> using the

oinary representation j=j,j, ... ..

* |tis also convenient to adopt the notation

0.jji1 - - - Iy tO represent the binary fraction

W2+ /4+ = 0+ [2mH,
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Algorithms-The Quantum Fourier Transform

* With a little algebra the quantum Fourier
transform can be given the following useful
product representation:

2-?2,/2
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Quantum Computation- Quantum
Algorithms-The Quantum Fourier Transform

* The equivalence of the product representation in the previous slide follows from

some elementary algebra.
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e Efficient circuit for the quantum Fourier transform.
The gate R, denotes the unitary transformation

1 0
Rk — 0 ezﬁi/zﬁ:
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Quantum Computation- Quantum
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 We start by doing a Hadamard gate and n -1
conditional rotations on the first qubit — a
total of n gates. This is followed by a
Hadamard gate and n-2 conditional rotations
on the second qubit, for a total of n + (n-1)
gates. Continuing in this way, we see that
n+(n-1)+- - -+1 = n(n+1)/2 gates are required,
plus the gates involved in the swaps.
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Quantum Computation- Quantum
Algorithms-The Quantum Fourier Transform

* At most n/2 swaps are required, and each swap can be
accomplished using three controlled- gates. Therefore,
this circuit provides a ©(n?) algorithm for performing
the quantum Fourier transform.

* |n contrast, the best classical algorithms for computing
the discrete Fourier transform on 2" elements are
algorithms such as the Fast Fourier Transform (FFT),
which compute the discrete Fourier transform using
©(n2") gates. That is, it requires exponentially more
operations to compute the Fourier transform on a
classical computer than it does to implement the
quantum Fourier transform on a quantum computer.
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Quantum Computation- Quantum
Algorithms-The Quantum Fourier Transform

* Example: Consider the quantum Fourier transform on 3
qubits. Fourier transform in this instance may be written out
explicitly, using
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* Recall that S and T are the phase and_n/8
gates
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* Problem:

* Let U be a unitary operator that operates
on m qubits with an eigenvector [y) such that

Ulp) = e*™ |4),0< 6 < 1.

 We would like to find the eigenvalue 2™

* which in this case is equivalent to estimating the
phase 6, to a finite level of precision.
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Superposition Controlled U Operations Measurement
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Quantum phase estimation circuit
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e How it works?

* The input consists of two registers(namely,
two parts): the upper n qubits comprise
the first register, and the lower m qubits are
the second regqister.

* The initial state of the system is
0)*"[1h).
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* After applying n-bit Hadamard gate
operation on the first register, the state of the
first register can be described as:

1

i
2

(10) + [1))®".
2
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* Apply controlled unitary operations

* Let U be a unitary operator with
eigenvector ) such that

Ulp) = €™ |4)

* Thus,

U? 1) = U2j“1U|¢) _ Uzhlezm'eJW) L ezm'z-'few)_
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e C-Uis acontrolled-U gate which applies the unitary operator U on
the second register only if its corresponding control bit (from the
first register) is |1).

« After applying all the n controlled operations ¢ -U? witho<j<n-1

* asseen in the circuit, and kicking back phases to the control bits in
the first register, the state of the first register can be described as

Z mGk'k ,

n
_ ~ _y \ _ 2

( 2m2“ 19‘1 ) QR ® (|0> + e21ri219|1>) ® (|0) + 6271-2206'1 )

2
22

¥ o

qubzt n—1th qubit nth qubit

« where |k) denotes the binary representation of k.
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* Apply inverse Quantum Fourier transform

* Applying inverse Quantum Fourier

transform on

AL |
2mifk lk

* vields

2" —12"— —2mkx 1 2"—-12"—1 2mk

T s: 2m9k _ > s‘

-
=0 k=0 =0

(z—2"0) |£B>

.Lk

4/28/2022 Quantum Computation- Hossein Aghababa- University of Tehran 18



Quantum Computation- Quantum
Algorithms-Phase Estimation

* The state of both registers together is

1 2221271 oy

on > Y e ) o ly).

z=0 k=0
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* Phase approximation representation

* We can approximate the value of #€ [0,1] by
rounding 276 to the nearest integer. This
means that 2"¢=a+2"6, where a is the
nearest integer to 2"¢ and the
difference 2"¢ satisfies

n 1
0< (2" < 3
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e We can now write the state of the first and
second register in the following way:

2" —-12" -1 ka

D

=0 k=0

(33 a) 2mc5k‘$> R "',b)
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* Measurement

* Performing a measurement in the
computational basis on the first register yields
the result |a) with probability

2
( e
an 1971 on 1 2 1 0=0
1 4“4 ! —2mik _ 1 - .
PI‘(CL) — al— e on (z—a) e21rzc5k T — § :62m§k — ¢
on § 0: k§ 0: 92n o 1 | 1—g2mians |2 5
z=0 k= _
N\ A _J \ 22n 1_6211'?:5 ?é 0
State of the first register
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* For 0=0 the approximation is precise,
thus a=2" and Pr(a)=1.

* |n this case, we always measure the accurate
value of the phase.

* The state of the system after the
measurement is

2"76) ® [)
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1
2n+1

* For 0 Z0 since |§| K
the correct result with probability

the algorithm yields

4
Pr(a) > ) ~ 0.405

* Let’s prove it 2
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1 |1 = e2m’2"5 2
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Quantum Computation- Quantum
Algorithms-Application: order-finding

* For positive integers x and N,x < N,with no common
factors, the order of x modulo N is defined to be the
least positive integer, r, such that x" = 1(mod N).

* The order-finding problem is to determine the order
for some specified x and N.

* Order-finding is believed to be a hard problem on a
classical computer, in the sense that no algorithm is
known to solve the problem using resources
polynomial in the O(L) bits needed to specify the
problem, where L is the number of bits needed to

specify N. B = ﬂog(Nﬂ
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Quantum Computation- Quantum
Algorithms-Application: order-finding
* |n this section we explain how phase

estimation may be used to obtain an efficient
guantum algorithm for order-finding.

 The quantum algorithm for order-finding is
just the phase estimation algorithm applied to
the unitary operator

Uly) = |xy(mod N))

 withy €{0, 1}-
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* (Note that here and below, when N<y <2t -
1, we use the convention that xy(mod N) is just
y again.

* Thatis, U only acts non-trivially when0<y <N
- 1.) A simple calculation shows that the
states defined by

p ] 2" mod N
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* forinteger 0 <s<r -1 are eigenstates of U, since

I — _,
Ulus) = = Zexp [ - ] 25! mod N
k=0

2718
= exp [ » ] i s

e Using the phase estimation procedure allows us
to obtain, with high accuracy, the corresponding
eigenvalues exp(2mis/r), from which we can
obtain the order r with a little bit more work.
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* Two important requirements:

* The first requirement is satisfied by using a
procedure known as modular exponentiation,
with which we can implement the entire
sequence of controlled-U%" operations applied
by the phase estimation procedure using O(L3)
gates (Please see Nielsen & Chuang)
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 The second requirement is a little tricker:
preparing |u> requires that we know r, so this
is out of the question. Fortunately, there is a
clever observation which allows us to

circumvent the problem of preparing |u>,
which is that
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* |n performing the phase estimation procedure, if
we use t qubits in the first register, where

t =2L + 1+ [log(z"'iﬂ

* and prepare the second register in the state |1>—
which is trivial to construct — it follows that for
each s in the range O through r - 1, we will obtain
an estimate of the phase ¢ = s/r accurate to 2L +
1 bits, with probability at least (1-€)/r.
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Register 1

t qubits Oy I rr /f\

Register 2 / .
L qubits 1) — x’ mod N

Quantum circuit for the order-finding algorithm. The second
register is shown as being initialized to the | 1> state.
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* The continued fraction expansion

— The reduction of order-finding to phase
estimation is completed by describing how to
obtain the desired answer, r, from the result of the
phase estimation algorithm, ¢ = s/r.

— We only know ¢ to 2L + 1 bits, but we also know a
priori that it is a rational number— the ratio of two
bounded integers — and if we could compute the
nearest such fraction to ¢ we might obtain .

4/28/2022 Quantum Computation- Hossein Aghababa- University of Tehran 34



Quantum Computation- Quantum
Algorithms-Application: order-finding

 Remarkably, there is an algorithm which accomplishes
this task efficiently, known as the continued fractions

algorithm.

* The reason this algorithm satisfies our needs is the
following theorem:

* Theorem: Suppose s/ris a rational number such that

|_ B gp| 27°-
* Then s/ris a convergent of the continued fraction for ¢,

and thus can be computed in O(L3) operations using
the continued fractions algorithm.
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* Since @ is an approximation of s/r accurate to 2L
+ 1 bits, it follows that |s/r — ¢ | <2721 <1/2r?,
since r < N < 2L Thus, the theorem applies.

 Summarizing, given ¢ the continued fractions
algorithm efficiently produces numbers s and .
The number r is our candidate for the order. We
can check to see whether it is the order by
calculating x mod N, and seeing if the result is 1.
If so, then ris the order of x modulo N, and we
are done!

Quantum Computation-
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* Procedure:

1 ’0> ’ 1> initial state
1 2t —1
2. — — z ’ j> ’ 1> create superposition
NG
1 4 |
3. —A _t ’J> ’333 mOd N> appl}-’ LTLIT,I\T
- 2t -1
"y e Bl
~ > D)
A /,rzﬁ
s=0 45=0
1 Tr— 1 o oo
g apply inverse Fourier transform to first
4 - \/F Z ’S/T’>’u3> register
5=0
5. — Q / r measure first register
, apply continued fractions
6 B algorithm
Quantum Computation-
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Quantum Computation- Quantum
Algorithms-Application: Factoring

* Given a positive composite integer N, what
prime numbers when multiplied together
equal it? This factoring problem turns out to
be equivalent to the order-finding problem we

just studied.
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Quantum Computation- Quantum
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* The reduction of factoring to order-finding
proceeds in two basic steps.

— The first step is to show that we can compute a factor
of N if we can find a non-trivial solution x # + 1(mod
N) to the equation x?> = 1(mod N).

— The second step is to show that a randomly choseny
co-prime to N is quite likely to have an order r which is

even, and such that y72 # +1(mod N), and thus x =
y7?2(mod N) is a non-trivial solution to x2 = 1(mod N).

* These two steps are embodied in the following
theorems—>

Quantum Computation-
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e Theorem 1:

e Suppose N is an L bit composite number, and x
is @ non-trivial solution to the equation x? =
1(mod N) in the range 1 < x <N, that is,
neither x = 1(mod N) norx=N -1 =-1(mod
N). Then at least one of gcd(x — 1,N) and gcd(x
+ 1,N) is a non-trivial factor of N that can be
computed using O(L3) operations.
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* Theorem 2:

* Suppose N =p%L .. .p*" s the prime
factorization of an odd composite positive
integer. Let x be an integer chosen uniformly
at random, subject to the requirements that 1
<x<N-1andxisco-primeto N. Let r be the
order of x modulo N. Then

) 1
p(r 1s even and x"/? #+ — 1(mod N)) > 1 —

2 ™

Quantum Computation-
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e Algorithm: Reduction of factoring to order-
finding

— Inputs: A composite number N
— Outputs: A non-trivial factor of N.

— Runtime: O((log N)3) operations. Succeeds with
probability O(1).

Quantum Computation-
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* Procedure:

1. If N is even, return the factor 2.

2. Determine whether N = a® for integersa>1 and b > 2, and if so
return the factor a (uses the classical algorithm which you can find
in Nielsen & Chuang).

3. Randomly choose x in the range 1 to N -1. If gcd(x,N) > 1 then
return the factor gcd(x,N).

e 4. Use the order-finding subroutine to find the order r of x modulo
N.

e 5.Ifris even and x”/2# -1(mod N) then compute gcd(x”/2 -1,N) and
gcd(x72 + 1,N), and test to see if one of these is a non-trivial factor,
returning that factor if so. Otherwise, the algorithm fails.
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e Exercise:

e Suppose we wish to factor N = 91. Confirm
that steps 1 and 2 are passed. For step 3,
suppose we choose x =4, which is co-prime to

91.
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