
Entanglement

QuantumQuantum entanglemententanglement isis aa physicalphysical phenomenonphenomenon whichwhich occursoccurs whenwhen pairspairs
oror groupsgroups ofof particlesparticles areare generated,generated, interact,interact, oror shareshare spatialspatial proximityproximity inin
waysways suchsuch thatthat thethe quantumquantum statestate ofof eacheach particleparticle cannotcannot bebe describeddescribed
independentlyindependently ofof thethe statestate ofof thethe other(s),other(s), eveneven whenwhen thethe particlesparticles areare
separatedseparated byby aa largelarge distancedistance
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The New York Times, Same Year (The New York Times, Same Year (19351935))
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““SpukhafteSpukhafte FernwirkungFernwirkung””

"spooky action at a "spooky action at a 
distance" distance" 
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• Everything was fine for EPR until 1964

John Stewart Bell (28 June 1928 John Stewart Bell (28 June 1928 –– 1 1 
October 1990) was a Northern Irish October 1990) was a Northern Irish 
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October 1990) was a Northern Irish October 1990) was a Northern Irish 
physicistphysicist

HeHe provedproved thatthat thethe principleprinciple ofof localitylocality waswas
mathematicallymathematically inconsistentinconsistent withwith thethe predictionspredictions
ofof quantumquantum theorytheory..



Entanglement

• We can summarize the conventional or classical 
view as local realism and the theories that are 
based on this philosophy as local realistic theories

Locality. Measurement of particle A in no way disturbs – Locality. Measurement of particle A in no way disturbs 
the state of spatially separated particle B.

– Realism. The values of measurable properties of each 
particle are objectively real. They have definite values 
prior to measurement and regardless of whether or 
not they are observed.
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Entanglement
DavidDavid JosephJoseph BohmBohm (December(December 2020,, 19171917 –– OctoberOctober 2727,, 19921992))
waswas anan AmericanAmerican scientistscientist whowho hashas beenbeen describeddescribed asas oneone ofof
thethe mostmost significantsignificant theoreticaltheoretical physicistsphysicists ofof thethe 2020thth
centurycentury andand whowho contributedcontributed unorthodoxunorthodox ideasideas toto quantumquantum
theory,theory, neuropsychologyneuropsychology andand thethe philosophyphilosophy ofof mindmind..

1952  Thought Experiment
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He considered a spin-0 particle that decays into two spin-1/2 
particles.

A total spin-0 state, which consists of a system of two spin-1/2 particles, can be 
described in terms of the computational basis with the singlet state
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• We can make a measurement of Z on the first 
particle, while leaving the second particle alone 
using the operator Z I

• if we measure 0 for the first particle, the state of • if we measure 0 for the first particle, the state of 
the second particle must be |1>

• On the other hand, if we measure 1 for the first 
particle, the state of the second particle must be 
|0>
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• Let’s see what happens if we rewrite this state 
in terms of the eigenvectors of the X operator, 
the |±>  states

• Recall that• Recall that
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Hence
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Hence
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• If we measure the X operator for the first particle 
and obtain the result +, the second particle must 
be in the state |−> , and vice versa.

• The fact that the states are also correlated in the 
x direction indicates that the particles cannot be 
in definite states prior to measurement and that 
the states are part of a larger composite system.
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• Recall that

• The fact that [Z , X]=2iY ≠ 0 reminds us that • The fact that [Z , X]=2iY ≠ 0 reminds us that 
the state of the second particle can’t be an 
eigenstate of both the Z operator and the X 
operator.
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If we only assume that conservation of angular momentum holds and say If we only assume that conservation of angular momentum holds and say 
nothing about quantum mechanics, then the measurement results with respect nothing about quantum mechanics, then the measurement results with respect 
to the Pauli operators to the Pauli operators Z Z , , X X will be found as listed in the following Tablewill be found as listed in the following Table

Conservation of momentum by particles Alice and Bob
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Conservation of momentum by particles Alice and Bob

The results agree with quantum mechanics.



Entanglement-Bell’s Theorem

InIn 19641964,, JohnJohn SS.. BellBell byby consideringconsidering spinspin measurementsmeasurements alongalong threethree
nonorthogonalnonorthogonal directions,directions, whichwhich areare conventionallyconventionally labeledlabeled a,a, b,b, andand
c,c, derivedderived anan inequalityinequality thatthat isis satisfiedsatisfied byby locallocal realisticrealistic theoriestheories butbut
violatedviolated byby quantumquantum mechanicsmechanics.. ThisThis inequalityinequality isis experimentallyexperimentally
testable,testable, andand toto datedate allall experimentalexperimental evidenceevidence hashas comecome downdown inin
favorfavor ofof quantumquantum mechanicsmechanics..
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favorfavor ofof quantumquantum mechanicsmechanics..

Bell's theorem is a "no-go theorem"



Entanglement-Bell’s Theorem

We begin our thought experiment by imagining that an ensemble or large number of
systems have been prepared so that Alice and Bob can measure spin along the three
directions a, b, and c.

Measurements for particles Alice and Bob

4/28/2022 Quantum Computation-
Hossein Aghababa- University of Tehran 15



Entanglement-Bell’s Theorem

All possible measurements for particles Alice and Bob considering population N4
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Entanglement-Bell’s Theorem

Some Basic Math

if x, y, z are real numbers such that x ≥ 0, y ≥ 0, z ≥ 0, then
x + y ≤ x + y + z. So it must be true that
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x + y ≤ x + y + z. So it must be true that

N3 + N4 ≤ (N3 + N4) + (N2 + N7) = (N2 + N4) + (N3 + N7)

We can divide by N, the total number in the ensemble,



Entanglement-Bell’s Theorem
We see that N 3 and N 4 both have Alice measuring
+1 along a and Bob measuring+1 along b. Hence

Similarly
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Similarly

Bell’s inequality

Derived under the assumption of Derived under the assumption of Local RealismLocal Realism..



Entanglement-Bell’s Theorem

• Local realistic theories satisfy or obey Bell’s 
inequality. 

• As we’ll see, quantum mechanics does not.
• To see what quantum mechanics says about • To see what quantum mechanics says about 

the situation, we need to consider a qubit
oriented in an arbitrary direction.
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Entanglement-Bell’s Theorem
Consider a unit vector

The eigenvectors of are
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Entanglement-Bell’s Theorem

If the system is in the state |+n>, then we have

Therefore the probability that measurement finds |0> given 
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Therefore the probability that measurement finds |0> given 
that the system is in the state |+n> is

Similarly the probability to find |1> given that the system is in 
the state |−n > is



Entanglement-Bell’s Theorem

Now that we see how to relate some axis to the z axis, we 
can write down relations for arbitrary axes a, b, and c.

We define the angles between each of these axes as θab , θcb , 
and θac , respectively.
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and θac , respectively.

We prepare the system in the singlet state. The form of the state 
is invariant under rotations, so we consider it along the a axis:



Entanglement-Bell’s Theorem

Then we can calculate Pr(+a;+c) by looking at the inner product
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Hence the probability is



Entanglement-Bell’s Theorem

Similarly we find that

This means that we can write Bell’s inequality as
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This means that we can write Bell’s inequality as



Entanglement-Bell’s Theorem

We take a, b, and c to lie in a plane with c bisecting the angle θab. We 
then obtain the simplification θac =θcb =θ, θab =2θ, and Bell’s inequality 
becomes sin2(θ) ≤ 2 sin2(θ/2). Bell’s inequality is violated when
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Suppose that Alice and Bob design their system such that θ =π/3. Bell’s
inequality is then the nonsensical statement that 0.75 ≤ 0.5. Therefore 
quantum mechanics clearly predicts a violation of Bell’s inequality, 
which was derived under the assumption of local realism.


